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Formation Stabilization

Consensus Feedback
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Formation Stabilization

Consensus Feedback
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Formation Stabilization

Assume identical (linear)
dynamics for each agent

Bi(t) = Az; (1) + Buy(t) z; € R
u; € R™
Y; (t) — 01$7; (t) D
. Yi © R
D “internal” measurement
5(t) = 72 en) Col@i(t) — z;(t))
“network” measurement
fixed information t=1,...,[V[=N

exchange/sensor network

G=WW,¢)
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Formation Stabilization

Assume a decentralized
dynamic control law
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Formation Stabilization

Zz Yi (t) — . Clxz( )
zi(t) = d; Zje_/\f(i) Co(z4(t) — (1))
) oit) = Axvi(t) + Brayi(t) + Brozi(t)
L wilt) = Ckvilt) + Drayi(t) + Diazi(t)
- oi(t) - w() | we need a “compact”
x(t) =1 u(t) =1 way to write all of this!
N () Cun(l)
() - zi(t) - ui(t)
y(t) = E z(t) = f v(t) = f
L) Can(l) Cun(t)
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Matrix Kronecker Product

A 6 RnXm allB
A@B=|
B e Rqu I a,1B
examples
- _
=I®A
— A —

CblmB
f e RPX™m4
ApmbB i} o
L1
i) —
L3
_ _ L1 -
L1 To
]Ln, X L2 — T3
L3 :
L1
L2
- 333 -

D5 NPWLININMNX NDTIND NL,MPaAN

Faculty of Aerospace Engineering

=

Analysis and Control of Multi-Agent Systems
University of Stuttgart, 2014



Matrix Kronecker Product

A 6 RnXm
B € RP*1

properties

AR B =

allB

anlB

CblmB

Apym B

(A® B)(C @ D) = (AC ® BD)

A=UrX Vi
B =UgXpVa

(A B) = (Ua®Up)(Xa®@XB)(Va® V)"
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Formation Stabilization
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CQCUi(t)

\ “local” feedback
23 (t)
g

“consensus” feedback

AAAA

{Cax;(t), 7 € N(i)

The closed-loop
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Formation Stabilization

The closed-loop

i X(t) | I All A12 11 X(t) )
I Z(t) ] o I Agl A22 1L Z(t) ]

A1 = (IN® A+ BDg1Cy) + (A7L(G) ® BDg2Co)

Ao = In ® BCyk
—1
Ax1 = (In ® Bk1C1) + (AT'L(G) ® Bg2C2)
Ago = In ® Ak
P
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The Normalized Laplacian

L(9) A™(G)L(G)

I —A(G)A(G)

Where are the eigenvalues located?

(Perron-Frobenius and Non-negative matrices)
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Formation Stabilization

Theorem

A local controller K stabilizes the formation dynamics
if and only if it simultaneously stabilizes the set of NV

systems
Y; (t) — 01277; (t)
zi(t) = Xi(G)Caxi(t),

where \,;(G) are the eigenvalues of L(G).
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Formation Stabilization

proof

coordinate transformation

x| [T '®Iy 0 1 [ x
v || 0 T'®I; || v
...leads to N decoupled sub-systems
- 2i(t) | _ [ A+ BDg1C1+ Ni(G)BDkaCy BCk | [ @(t)
I ﬁz(t) | I BKlOl‘i_)\i(g)BKQCQ Ax 11 @Z(t) |
each subsystem must be stable!
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Formation Stabilization

o—{Blo— [ Flc—X(9)

Ar | Bro |
Ck | Di2

controllers should be “robust” against
the eigenvalues of the Laplacian
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Formation Stabilization

6 identical agents -o—s K P(S) -
B 1
- 5(1.45+1)(0.33s + 1)

P(s)

Proportional Control

K =1 8

stabilizable with proportional feedback

is (seco

closed-loop eigenvalues

{—3.55, —0.4249 £ 1.001i} -
GM =4.4 )

Imaginary Ax

2O™M NPLINIMIXK NDTIND NLPON Analysis and Control of Multi-Agent Systems
Faculty of Aerospace Engineering University of Stuttgart, 2014

=



Formation Stabilization

o] @ KM% e Pes)

Laplacian Eigenvalues

{0, 0.6972, 1.382, 3.618, 43028} 2(t)

GM =44
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Formation Stabilization
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I ® P(s)

{0, 0.8299, 2.6889, 4,@.4812} ()

GM =44
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= (E(G)" ®[100)z(t)
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Formation Stabilization
o—{Bl-o— [ic—

6 identical agents, double L

integrators with unit delay A L
| | A
P(s) =e °— :
(5) 52 Ay | By ] —
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Formation Stabilization

Nyquist Diagram
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Formation Stabilization

Nyquist Diagram
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