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Graph Rigidity
another approach…
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The Rigidity Matrix

R(p) =
@f(p)

@p

the rigidity matrix is the ‘linear’ term in a 
Taylor series expansion of the edge function!

f(p+ �p) = f(p) +
@f(p)

@p

�p + h.o.t.
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The Rigidity Matrix

R(p) =
@f(p)

@p

R(p) =
⇥
E(G1) · · · E(G|V|)

⇤ ⇣
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. . .
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eij

. . .

3

77775

�
E(G)T ⌦ I

�

another form that separates 
the graph from the positions
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Graph Rigidity
example…

Part 0: Rigidity matrix

? Example: 7

ed
ge

1 edge
2

edge 31

2

3
(a) Undirected graph

ed
ge

1 edge
2

edge 31

2

3
(b) An oriented graph

Fig. 1: An example to illustrate rigidity matrix.

where H is the incidence matrix of the oriented graph G�.

Example 1: A simple example is given in Fig. 1 to illustrate (2). By definition the rigidity matrix of

the undirected graph shown in Fig. 1(a) is

R(x) =

2

6664

xT1 � xT2 xT2 � xT1 0

0 xT2 � xT3 xT3 � xT2

xT1 � xT3 0 xT3 � xT1

3

7775

An oriented graph is shown in Fig. 1(b). By definition the incidence matrix of the oriented graph is

H =

2

6664

�1 1 0

0 �1 1

1 0 �1

3

7775
.

Based on (1) we have

e1 = x2 � x1,

e2 = x3 � x2,

e3 = x1 � x3.

Thus it is clear that

R(x) =

2

6664

�eT1 eT1 0

0 �eT2 eT2

eT3 0 �eT3

3

7775
= diag(eT

i

)(H ⌦ I2).⌅
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(b) Oriented
graph

R(p) =
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0 pT2 � pT3 pT3 � pT2
pT1 � pT3 0 pT3 � pT1

3

5 .

Denote e1 = p2 � p1, e2 = p3 � p2, and e3 = p1 � p3.
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0 �eT2 eT2
eT3 0 �eT3
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2
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. . .

eTm
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2

4
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1 0 �1

3

5⌦ I2

= diag(eTi )(E
T ⌦ I2)
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The Rigidity Matrix

Lemma 1 (Tay1984) A framework (G, p) is infinitesimally rigid

if and only if rk[R] = 2|V|� 3

p(v1)

p(v2) p(v3)

x1

x2

(G, p)The Rigidity Matrix

R(p) =
@f(p)

@p

A framework is minimally infinitesimally rigid (MIR) if it is infinitesimally 
rigid and minimally rigid.

) rk[R(p)] = 2|V|� 3 = |E| MIR frameworks have 
full row rank
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Formation Control

1 2 3

1
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y ⌘1

⌘2⌘3

⌘4
d12

d23

d34

d14

Gf

A formation can be specified 
by inter agent distances

Rigidity is a way to ensure 
the formation is the desired 
“shape”

a collection of single-
integrator agents

ṗi(t) = ui(t)
pi(t), ui(t) 2 2

a sensing graph

G = (V, E)
a desired formation

� = {p 2 2|V| | kpi � pjk2 = d2ij , 8{i, j} 2 E}
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Formation Control
a desired formation

� = {p 2 2|V| | kpi � pjk2 = d2ij , 8{i, j} 2 E}

design a distributed 
control such that

lim
t!1

kpi(t)� pj(t)k2 = d2ij

some notations…

eij(t) = ek(t) = pi(t)� pj(t)

k = {i, j} 2 E
lim
t!1

kekk2 = d2k

�k = kekk2 � d2k = eTk ek � d2k distance error
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Formation Control

F (p) =
1

4

|E|X

k=1

�
kekk2 � d2k

�2
=

1

4

|E|X

k=1

�2
k

= kf(p)� 1

2
d2k2

Formation Potential

A Gradient Dynamical System

ṗ = �rF (p)

what does this system “look” like? 
what are they equilibrium configurations? are they stable? 
does this “solve” the formation control problem?
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Formation Control

ṗ = �rF (p)

=
@F (p)

@p

= �1

4

|E|X

k=1

@�2
i

@p

= �1

2

|E|X

k=1

@�i

@p
�i

= �R(p)T�i = �RT (p)R(p)p�RT (p)d2

symmetric rigidity 
matrix

ṗi = �
X

j⇠i

�
kpj � pik2 � d2ij

�
(pi � pj)

“looks” like a (state-dependent) 
weighted consensus protocol!



 הפקולטה להנדסת אוירונוטיקה וחלל
Faculty of Aerospace Engineering

Analysis and Control of Multi-Agent Systems 
University of Stuttgart, 2014

Formation Control
example…

Part 1: Design formation control law

? Example to demonstrate ṗ = �RT
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Pm
i=1 �ij(pi � pj):

7

ed
ge

1 edge
2

edge 31

2

3
(a) Undirected graph

ed
ge

1 edge
2

edge 31

2

3
(b) An oriented graph

Fig. 1: An example to illustrate rigidity matrix.

where H is the incidence matrix of the oriented graph G�.
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e1 = x2 � x1,

e2 = x3 � x2,

e3 = x1 � x3.

Thus it is clear that
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R(p) =

2
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Formation Control - Stability Analysis

what are the equilibrium configurations?

ṗ = �RT (p)R(p)p�RT (p)d2

0 = �RT (p)R(p)p�RT (p)d2

1

2

3

0 = R(p)p� d2 ) (kpi � pjk2 � d2ij) = 0

exactly the equilibrium we want!

0 =


W

x

(p)
W

y

(p)

� �⇥
W

x

(p) W
y

(p)
⇤
(I2 ⌦ ET )p� d2

�

0 = (I2 ⌦ E)

✓
W

x

(p)
W

y

(p)

� �⇥
W

x

(p) W
y

(p)
⇤
(I2 ⌦ ET )p� d2

�◆
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Formation Control - Stability Analysis

ṗ = �RT (p)R(p)p�RT (p)d2

example… d d

d

ṗ1 = (kp1 � p2k2 � d2)(p2 � p1) + (kp1 � p3k2 � d2)(p3 � p1)

ṗ2 = (kp1 � p2k2 � d2)(p1 � p2) + (kp2 � p3k2 � d2)(p3 � p2)

ṗ3 = (kp1 � p3k2 � d2)(p1 � p3) + (kp2 � p3k2 � d2)(p2 � p3)

1 kpi � pjk2 = d2

2

D. Zelazo Networked Dynamic Systems (086730): Homework #2

1
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d

d

1
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d

d
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Figure 1: Di↵erent possible equilibrium configurations.
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‘consensus’

‘collinear’

the system has additional 
‘undesirable’ equilibriums 



 הפקולטה להנדסת אוירונוטיקה וחלל
Faculty of Aerospace Engineering

Analysis and Control of Multi-Agent Systems 
University of Stuttgart, 2014

Formation Control - Stability Analysis

ṗ = �RT (p)R(p)p�RT (p)d2

example… d d

d

ṗ1 = (kp1 � p2k2 � d2)(p2 � p1) + (kp1 � p3k2 � d2)(p3 � p1)

ṗ2 = (kp1 � p2k2 � d2)(p1 � p2) + (kp2 � p3k2 � d2)(p3 � p2)

ṗ3 = (kp1 � p3k2 � d2)(p1 � p3) + (kp2 � p3k2 � d2)(p2 � p3)

linearization about ‘desired’ equilibrium p
�
kpi � pjk2 = d2

�

�̇p(t)=� (E(G)⌦ I2)

2

4
(p1 � p2)(p1 � p2)

T 0 0
0 (p2 � p3)(p2 � p3)

T 0
0 0 (p3 � p1)(p3 � p1)

T

3

5�
E(G)T ⌦ I2

�
�p(t),

linearized state-matrix has 3 eigenvalues at 0 
and remaining eigenvalues are real and 
negative

we can not conclude stability 
of equilibrium from linearized 
model!
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Formation Control - Stability Analysis

ṗ = �RT (p)R(p)p�RT (p)d2

a Lyapunov approach recall:  the potential function defining a 
gradient dynamical system can serve as  
a Lyapunov function candidate!F (p) =

1

4
�T�

d

dt
F (p) = ��TR(p)RT (p)�  0 negative semi-definite

d

dt
F (p) = 0 , RT (p)� = 0

1. � = 0

2.

2

664

. . .
pi � pj

. . .

3

775� 2 N [E ⌦ I2]
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Formation Control - Stability Analysis
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Formation Control - Stability Analysis

ṗ = �RT (p)R(p)p�RT (p)d2

Stability and full row rank

a rigidity matrix with full row rank (i.e. 
minimally infinitesimally rigid framework) , {� |RT (p)� = 0} = {0}

d

dt
F (p) = ��TR(p)RT (p)�  0|{z}

a positive definite matrix!

) d

dt
F (p) = 0 , � = 0

Theorem
If the rigidity matrix has full row rank then the distributed 
distance-based formation control law (exponentially) converges 
to the specified formation set (locally).
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Formation Control - Stability Analysis
Exponential stability…

ẋ = g(x, t)

if there exists a positive definite 
Lyapunov function satisfying V̇ (x) =

@V (x)

@x

ẋ  �kV (x)

then the nonlinear system is exponentially stable.

Ḟ (p) = ��TR(p)R(p)T�

F (p)
F (p)

= ��TR(p)R(p)T�
1
4�

T�
F (p)  4�min

�
R(p)R(p)T

�
F (p)

rigidity eigenvalue!
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Frameworks with Full Row Rank

are there other (not infinitesimally rigid) 
frameworks that have full row rank?

A framework is minimally infinitesimally rigid (MIR) if it is infinitesimally 
rigid and minimally rigid.

) rk[R(p)] = 2|V|� 3 = |E| MIR frameworks have 
full row rank

what are the necessary and sufficient conditions 
needed to ensure the rigidity matrix of a framework 
has full row rank?
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Frameworks with Full Row Rank

self-stresses mean the “forces” applied to a joint by 
neighboring joints (through the bars) are balanced

Definition
Given a framework (G, p), any set of scalars wij = wji

assigned to each edge of G is called a stress of the framework.

Definition
A stress w =

⇥
w1 · · · w|E|

⇤T
is called a

self-stress (or equilibrium stress) if

X

j⇠i

wij(pj � pi) = 0, 8i 2 V.
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Frameworks with Full Row Rank
X

j⇠i

wij(pj � pi) = 0, 8i 2 V , wTR(p) = 0

Part 2: Rigidity matrix with full row rank

⌅ The matrix form of equation (1):

X

j2Ni

!ij(pj � pi) = 0, 8i 2 V () !TR(p) = 0

Proof: X

j2Ni

!ij(pj � pi) = 0, 8i 2 V

, (E ⌦ I2)(W ⌦ I2)(E
T ⌦ I2)p = 0

, (E ⌦ I2)(W ⌦ I2)e = 0

, (E ⌦ I2)diag(e
T
i )! = 0

, RT
(p)! = 0

, !TR(p) = 0

Fact

The space of self-stresses of a framework is the left null space of the
rigidity matrix R(x).

14 / 24

proof:
The space of self-stresses of a 
framework is the left-null space 
of the rigidity matrix!

Theorem
The rigidity matrix R(p) of a framework (G, p)
has full row rank if and only if (G, p) only
supports zero self-stresses.
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Frameworks with Full Row Rank
Part 2: Rigidity matrix with full row rank

Examples:

1 2 3

4

5

(a) Tree

1 2

34

(b) Cycle

1 2

34

(c) MIR

1

2 3

4

56

(d) General

13 / 24

verify the following:

1

2

3

The rigidity matrix of a framework for an arbitrary spanning 
tree graph has full row rank

The rigidity matrix of a framework for a non-collinear cycle 
graph has full row rank

The rigidity matrix of a rigid framework has full row rank if 
and only if it is minimally infinitesimally rigid.
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Frameworks with Full Row Rank
Part 2: Rigidity matrix with full row rank

Examples:

• The first one: does its rigidity matrix have full row rank?

• The second one: is this framework (n = 16, m = 29 = 2n� 3) rigid?

17 / 24

which framework has a rigidity 
matrix with full row rank?
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Formation Control

ṗ = �RT (p)R(p)p�RT (p)d2
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(b) Cycle

0 0.5 1 1.5 2
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a=0.8

(c) General flexible

0 0.5 1 1.5 2
-4

-3

-2

-1

0

1

Time (sec)

G i

a=1

(d) MIR

Fig. 3: 2D examples to verify control law (5). Grey dots: initial formation; Circles: final converged formation.

Term 2: Consider
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i

= |�
i

|2a)

which implies

�T�

V
2a

1+a

� (2(1 + a))
2a

1+a , �. (9)

Substituting (8) and (9) into (7) gives

˙V  �↵�V
2a

1+a , 8t 2 [0,+1).

Conclusions can be drawn from the above inequality: (i) If
a = 1 and hence 2a/(1 + a) = 1, the error � starting from
⌦(V (�0)) converges to zero exponentially [27, Theorem 3.1].
(ii) If a 2 (0, 1) and hence 2a/(1 + a) 2 (0, 1), the error �
converges to zero in finite time [28, Theorem 4.2].

Up to this point, we have proved the convergence of �-
dynamics. It should be noted that the convergence of � does
not simply imply the formation {x

i

(t)}n
i=1 to converge to a

finite final position. But this issue can be easily solved by the
exponential or finite-time convergence rate. Now the proof
is complete.

Note the rank of the rigidity matrix of an arbitrary tree
framework is full as stated in Theorem 2. The attraction
region of � = 0 is not limited to ⌦(V (�0)). Instead, it is
Rm. Thus we have a global stability result in the case of
tree graphs.

Corollary 1: If the underlying graph of the target for-
mation is a tree, control law (5) can globally stabilize it
exponentially when a = 1, or in finite time when a 2 (0, 1).
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Fig. 4: 3D examples to verify control law (5). Grey dots: initial formation;
Circles: final converged formation.

Remark 3: The global asymptotic stability for formations
with tree graphs has been proved by [9].

Finally, we would like to mention that control law (5) can
also stabilize the target formation in finite time when a = 0.
But the control law will be discontinuous in � in that case.
The proof of the formation stability will be analogous to
that of Theorem 5. It, however, will reply on tools from
discontinuous dynamic systems [29]–[31], and is omitted
here.

D. Simulation Results

Fig. 3 and Fig. 4 show examples to verify control law (5).
The examples shown in Fig. 3 include tree, cycle, general
flexible, and MIR formations. As previously analyzed, the
rigidity matrices of these formations have full row rank. It is
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