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Networked Dynamic Systems




Graphs at CDC

Why do we need this tutorial?

Network analysis and control

Networked control systems

MoB10.6, MoB12.1, MoC03.3, MoC03.4, MoC06.1, MoC06.2, MoC13.6, MoC14.3,

mmmwmmmm,

Control system architecture

BBbperative control

MoA17.2, MoCO7.6. TuAQ4.5, TuB06.3, TuB12.6. WeAQ6.2, WeB14.3, WeC05.4
See also Large-scale Systems

MoA03.3, MoAO3.4, MoAQ3.6, MoA11.6, MoA14.1, MoA14.2, MoA14.3, MoA14.4,
MoA14.5, MoB03 1. MoBO3.4, MoB0S.5. MoB12.6, MoB14.1, MoB14.2, MB14.3

TuAGS3 TuAS.2, TuAD.6, TuA10.6, TUATLY, TuA12 1, TUA14.4, TUATGS,
TuB04.1, TuB14.5, TuB17.6, TuC0S.1, TuC09.2 TUC1LS, TUCILE, TuC142.
, WeAQ3.S, WeAQS 2, WeADS 4. , WeAD5.6, WeA14.2, WeA14.3,
, WeB04.4, WoB12.3, WeB13.1, WeB13.2, WeB14.2, WeB143, WeB1d4d,
WeB145 WeC1d.1, WeC20.4

The network approach to systems is here to stay. This tutorial aims to bring to
the forefront the role of graphs in these systems.




Networked Dynamic Systems
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So far in this tutorial... J

> graphs and modelling of network /‘ /8
systems £
> stability of network systems ./

> input-output properties of network

A
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We are interested in morphisms between

(networks/operations) <= (systems/properties)

Our thesis is that for control theoretic methods to have an impact in the
growing field of networks, our techniques should be modular, scalable, and offer
flexibility in their use.

Some areas that have been explored in this direction include:

structural considerations
compositional perspective/motifs
approximations

randomness

We believe this area is highly unexplored!
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Extremal Graphs



How do we approach the analysis of networks that are too large to model?

N

- > I“‘ 2 e
\_; -.- - = B 7
fault detection and isolation internet-of-things
power distribution networks cyber-pysical systems

transportation networks social networks



Extremal Graph Theory

Mantel's Theorem (1907)

2
If a graph G on n vertices contains no triangles, then it contains at most “-
edges.

The complete bipartite graphs are extremal

Extremal graph theory studies how global properties of a graph (i.e., number of
edges) relate to local substructures (i.e., a triangle subgraph)




Forbidden Subgraph Problem

Given a set H of forbidden graphs, what is the maximum number of edges in a
graph G on n nodes (denoted e(G)) such that H Z G for any H € H?

Extremal Number ez(n,G) = Q{’lg&)g( e(9)

Generalize Mantel's Theorem for K,

Taran Graphs T'(n,r) - complete
r-partite graphs with n vertices

avoiding paths of length k& avoiding even length cycles

avoiding Hamiltonian cycles avoiding edge disjoint cycles



Extremal Networked Systems

A simple example...

A relative sensing network

I3 = 20eN=]3

Proposition

Let X(G) be a relative sensing network with n agents such that G is K, 1-free.
Then the H, performance of %(G) is at most n? =2 ||||3.




k-cycle in G: a sequence of k distinct nodes
connected by edges.

Two cycles are disjoint if they have no nodes in
common.

k-decomposition in G: union of disjoint cycles
covering k nodes.
A k-decomposition is given by cycles S1,...,.5; if 1-cycle = (1)

the S; are disjoint and |S1| +--- +|S;| = k. 2-cycle: (23)

3-cycle: (456
Hamiltonian cycle (resp. decomposition): n-cycle 3_(?ézoem£ . (i)(23) or
(resp. decomposition). (456) h

4-decomp.: (1)(456)
5-decomp.: (23)(456)



A necessary condition for stability

Theorem?

A digraph G is stable only if it contains a k-decomposition for each
k=1,2,....n

* % 0 0 =%
0 0« 00
* 0 0 % O
0 0 0 0 =
* 0 0 % 0

An extremal question

What is the maximum number of edges in a graph G on n nodes before a
k-decomposition appears?

IB. “Sparse Stable Systems”, Systems and Control Letters, 2013
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Composite Networks



let P be a system theoretic property, G be a class of graphs, and consider
P(G)

consider a subset of G and examine how P varies over this subset

impose algebraic operations on G and examine how P behaves with respect
to this algebra

make G a semi-lattice and examine how the ordering on G is reflected on P



Controllability of the product networks?
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Theorem 1: Product Controllability
The dynamics

() = —A([[ g)=(®) + B ] So)u(t)
O

y(t) = C([[ Ri)=(t)

where A(J]G;) has simple eigenvalues is controllable/observable if and only if
W

& (t) = —A(Gi)zi(t) + B(Si)ui(t)
yi(t) = C(Rs)wi(t)

is controllable/observable for all 4.




Network Learning

» Sensing accuracy/ confidence is coupled to an edge state, i.e.,
wij(x) = g(||lzi — ;)

> Online performance with respect to edge state control

edge states: x;(t);

coordinated state y;(t)

Git) = D wig(2)(y; (1) = yi(h))
JEN(9)

() = f(z:)

Questions: time-scale analysis, learning, gradient flow on space of graphs




Graph Theory Systems Theory

Algebraic graph theory Stability

Geometric graph theory Performance

Extremal graph theory Input-Output Properties
Probabilistic graph theory Control Synthesis
Topological graph theory Control Architectures

Thank you!
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