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Networked Dynamic Systems



Graphs at CDC

Why do we need this tutorial?

The network approach to systems is here to stay. This tutorial aims to bring to
the forefront the role of graphs in these systems.



Networked Dynamic Systems

So far in this tutorial...

▶ graphs and modelling of network
systems

▶ stability of network systems
▶ input-output properties of network

systems
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A Graph Structure ⇔ System Behavior Morphism

We are interested in morphisms between

(networks/operations) ⇐⇒ (systems/properties)

Our thesis is that for control theoretic methods to have an impact in the
growing field of networks, our techniques should be modular, scalable, and offer
flexibility in their use.
Some areas that have been explored in this direction include:

▶ structural considerations
▶ compositional perspective/motifs
▶ approximations
▶ randomness

We believe this area is highly unexplored!
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Large Scale Networks

How do we approach the analysis of networks that are too large to model?

▶ fault detection and isolation
▶ power distribution networks
▶ transportation networks

▶ internet-of-things
▶ cyber-pysical systems
▶ social networks



Extremal Graph Theory
Mantel’s Theorem (1907)
If a graph G on n vertices contains no triangles, then it contains at most n2

4
edges.

The complete bipartite graphs are extremal

Extremal graph theory studies how global properties of a graph (i.e., number of
edges) relate to local substructures (i.e., a triangle subgraph)



Forbidden Graphs
Forbidden Subgraph Problem
Given a set H of forbidden graphs, what is the maximum number of edges in a
graph G on n nodes (denoted e(G)) such that H ̸⊆ G for any H ∈ H?

Extremal Number ex(n,G) = max
H̸⊆G

e(G)

Generalize Mantel’s Theorem for Kr

Túran Graphs T (n, r) - complete
r-partite graphs with n vertices

e(n,Kr) ≤
n2

2

(
1− 1

r − 1

)
T (13, 4)

▶ avoiding paths of length k

▶ avoiding Hamiltonian cycles
▶ avoiding even length cycles
▶ avoiding edge disjoint cycles



Extremal Networked Systems
A simple example...

...
<latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit><latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit><latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit><latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit>

...
<latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit><latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit><latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit><latexit sha1_base64="1A6TSU4nNkcKs9t7AIEcJ5/lLqo=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lEwm08ZmJkNyp1BKN36BW/0Cd+LWP/ED/A/Tdha29UDgcM693JMTpFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03jMo043WmpNKtgBouRcLrKFDyVqo5jQPJm8Hgbuo3h1wboZJHHKXcj2kvEZFgFK3U6AxDhaZbKrsVdwaySryclCFHrVv66YSKZTFPkElqTNtzU/THVKNgkk+KnczwlLIB7fG2pQmNufHHs7QTcm6VkERK25cgmal/N8Y0NmYUB3Yyptg3y95U/M9rZxjd+GORpBnyhM0PRZkkqMj06yQUmjOUI0so08JmJaxPNWVoC1q4Mk9atL14yy2sksZlxXMr3sNVuXqbN1SAUziDC/DgGqpwDzWoA4MneIFXeHOenXfnw/mcj645+c4JLMD5+gVXy5dK</latexit>

w1
<latexit sha1_base64="hyAt/zaYZfOpmZDCqeACK+90mfc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qnrdcsVt+pOQZaJl5MK5Kh3yz+dXszSiCtkkhrT9twE/YxqFEzycamTGp5QNqR93rZU0YgbP5tGHZMTq/RIGGv7FJKp+ncjo5ExoyiwkxHFgVn0JuJ/XjvF8NLPhEpS5IrNDoWpJBiTyb9JT2jOUI4soUwLm5WwAdWUoW1n7sosacn24i22sEyaZ1XPrXq355XaVd5QEY7gGE7BgwuowQ3UoQEM+vACr/DmPDvvzofzORstOPnOIczB+foFeV+Vpw==</latexit><latexit sha1_base64="hyAt/zaYZfOpmZDCqeACK+90mfc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qnrdcsVt+pOQZaJl5MK5Kh3yz+dXszSiCtkkhrT9twE/YxqFEzycamTGp5QNqR93rZU0YgbP5tGHZMTq/RIGGv7FJKp+ncjo5ExoyiwkxHFgVn0JuJ/XjvF8NLPhEpS5IrNDoWpJBiTyb9JT2jOUI4soUwLm5WwAdWUoW1n7sosacn24i22sEyaZ1XPrXq355XaVd5QEY7gGE7BgwuowQ3UoQEM+vACr/DmPDvvzofzORstOPnOIczB+foFeV+Vpw==</latexit><latexit sha1_base64="hyAt/zaYZfOpmZDCqeACK+90mfc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qnrdcsVt+pOQZaJl5MK5Kh3yz+dXszSiCtkkhrT9twE/YxqFEzycamTGp5QNqR93rZU0YgbP5tGHZMTq/RIGGv7FJKp+ncjo5ExoyiwkxHFgVn0JuJ/XjvF8NLPhEpS5IrNDoWpJBiTyb9JT2jOUI4soUwLm5WwAdWUoW1n7sosacn24i22sEyaZ1XPrXq355XaVd5QEY7gGE7BgwuowQ3UoQEM+vACr/DmPDvvzofzORstOPnOIczB+foFeV+Vpw==</latexit><latexit sha1_base64="hyAt/zaYZfOpmZDCqeACK+90mfc=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qnrdcsVt+pOQZaJl5MK5Kh3yz+dXszSiCtkkhrT9twE/YxqFEzycamTGp5QNqR93rZU0YgbP5tGHZMTq/RIGGv7FJKp+ncjo5ExoyiwkxHFgVn0JuJ/XjvF8NLPhEpS5IrNDoWpJBiTyb9JT2jOUI4soUwLm5WwAdWUoW1n7sosacn24i22sEyaZ1XPrXq355XaVd5QEY7gGE7BgwuowQ3UoQEM+vACr/DmPDvvzofzORstOPnOIczB+foFeV+Vpw==</latexit>

wi
<latexit sha1_base64="zjQxKKppiO92IDLqsTLvLooo/+Y=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qkruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C0meV3w==</latexit><latexit sha1_base64="zjQxKKppiO92IDLqsTLvLooo/+Y=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qkruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C0meV3w==</latexit><latexit sha1_base64="zjQxKKppiO92IDLqsTLvLooo/+Y=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qkruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C0meV3w==</latexit><latexit sha1_base64="zjQxKKppiO92IDLqsTLvLooo/+Y=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qkruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C0meV3w==</latexit>

wn
<latexit sha1_base64="Xt1zmFpbmJeypgMz6NluyrSDbq4=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qmruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C2lqV5A==</latexit><latexit sha1_base64="Xt1zmFpbmJeypgMz6NluyrSDbq4=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qmruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C2lqV5A==</latexit><latexit sha1_base64="Xt1zmFpbmJeypgMz6NluyrSDbq4=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qmruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C2lqV5A==</latexit><latexit sha1_base64="Xt1zmFpbmJeypgMz6NluyrSDbq4=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cVbSu0Q8mkmTY0kxmSO0oZil/gVr/Anbj1W/wA/8O0nYVtPRA4nHMv9+QEiRQGXffbKaysrq1vFDdLW9s7u3vl/YOmiVPNeIPFMtYPATVcCsUbKFDyh0RzGgWSt4Lh9cRvPXJtRKzucZRwP6J9JULBKFrp7qmruuWKW3WnIMvEy0kFctS75Z9OL2ZpxBUySY1pe26CfkY1Cib5uNRJDU8oG9I+b1uqaMSNn02jjsmJVXokjLV9CslU/buR0ciYURTYyYjiwCx6E/E/r51ieOlnQiUpcsVmh8JUEozJ5N+kJzRnKEeWUKaFzUrYgGrK0LYzd2WWtGR78RZbWCbNs6rnVr3b80rtKm+oCEdwDKfgwQXU4Abq0AAGfXiBV3hznp1358P5nI0WnHznEObgfP0C2lqV5A==</latexit>

yn
<latexit sha1_base64="fOeJzRa3K5J2bHCQFa/hAODOWgI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtCd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/djJXm</latexit><latexit sha1_base64="fOeJzRa3K5J2bHCQFa/hAODOWgI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtCd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/djJXm</latexit><latexit sha1_base64="fOeJzRa3K5J2bHCQFa/hAODOWgI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtCd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/djJXm</latexit><latexit sha1_base64="fOeJzRa3K5J2bHCQFa/hAODOWgI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtCd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/djJXm</latexit>

yi
<latexit sha1_base64="1mLiSo6pU4wFrpPgq6sXzxr784s=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtMd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/VmZXh</latexit><latexit sha1_base64="1mLiSo6pU4wFrpPgq6sXzxr784s=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtMd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/VmZXh</latexit><latexit sha1_base64="1mLiSo6pU4wFrpPgq6sXzxr784s=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtMd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/VmZXh</latexit><latexit sha1_base64="1mLiSo6pU4wFrpPgq6sXzxr784s=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtMd75YpbdWcgq8TLSQVy1Hvln24/YkmI0jBBte54bmz8jCrDmcBJqZtojCkb0yF2LJU0RO1ns6gTcmaVPhlEyj5pyEz9u5HRUOs0DOxkSM1IL3tT8T+vk5jBtZ9xGScGJZsfGiSCmIhM/036XCEzIrWEMsVtVsJGVFFmbDsLV+ZJS7YXb7mFVdK8qHpu1bu/rNRu8oaKcAKncA4eXEEN7qAODWAwhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y/VmZXh</latexit>

y1
<latexit sha1_base64="btIp6MfDo3B/VDj0kVxtxZFZgjg=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtOf1yhW36s5AVomXkwrkqPfKP91+xJIQpWGCat3x3Nj4GVWGM4GTUjfRGFM2pkPsWCppiNrPZlEn5MwqfTKIlH3SkJn6dyOjodZpGNjJkJqRXvam4n9eJzGDaz/jMk4MSjY/NEgEMRGZ/pv0uUJmRGoJZYrbrISNqKLM2HYWrsyTlmwv3nILq6R5UfXcqnd/Wand5A0V4QRO4Rw8uIIa3EEdGsBgCC/wCm/Os/PufDif89GCk+8cwwKcr198kZWp</latexit><latexit sha1_base64="btIp6MfDo3B/VDj0kVxtxZFZgjg=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtOf1yhW36s5AVomXkwrkqPfKP91+xJIQpWGCat3x3Nj4GVWGM4GTUjfRGFM2pkPsWCppiNrPZlEn5MwqfTKIlH3SkJn6dyOjodZpGNjJkJqRXvam4n9eJzGDaz/jMk4MSjY/NEgEMRGZ/pv0uUJmRGoJZYrbrISNqKLM2HYWrsyTlmwv3nILq6R5UfXcqnd/Wand5A0V4QRO4Rw8uIIa3EEdGsBgCC/wCm/Os/PufDif89GCk+8cwwKcr198kZWp</latexit><latexit sha1_base64="btIp6MfDo3B/VDj0kVxtxZFZgjg=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtOf1yhW36s5AVomXkwrkqPfKP91+xJIQpWGCat3x3Nj4GVWGM4GTUjfRGFM2pkPsWCppiNrPZlEn5MwqfTKIlH3SkJn6dyOjodZpGNjJkJqRXvam4n9eJzGDaz/jMk4MSjY/NEgEMRGZ/pv0uUJmRGoJZYrbrISNqKLM2HYWrsyTlmwv3nILq6R5UfXcqnd/Wand5A0V4QRO4Rw8uIIa3EEdGsBgCC/wCm/Os/PufDif89GCk+8cwwKcr198kZWp</latexit><latexit sha1_base64="btIp6MfDo3B/VDj0kVxtxZFZgjg=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7QPaoWTS2zY0kxmSjDAMxS9wq1/gTtz6LX6A/2HazsK2HggczrmXe3KCWHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsa3U7/1hErzSD6aNEY/pEPJB5xRY6WHtOf1yhW36s5AVomXkwrkqPfKP91+xJIQpWGCat3x3Nj4GVWGM4GTUjfRGFM2pkPsWCppiNrPZlEn5MwqfTKIlH3SkJn6dyOjodZpGNjJkJqRXvam4n9eJzGDaz/jMk4MSjY/NEgEMRGZ/pv0uUJmRGoJZYrbrISNqKLM2HYWrsyTlmwv3nILq6R5UfXcqnd/Wand5A0V4QRO4Rw8uIIa3EEdGsBgCC/wCm/Os/PufDif89GCk+8cwwKcr198kZWp</latexit>

z = E(G)>y
<latexit sha1_base64="70hzrHFcQTwtVK8mbUjTOlVB1KY=">AAACE3icbVDLSsNAFJ34rPUVdeHCzWAR6qYkIuhGKIrosoJ9QBPLZDpph04yYWYixJDP8Avc6he4E7d+gB/gfzhps7CtBwYO59zLPXO8iFGpLOvbWFhcWl5ZLa2V1zc2t7bNnd2W5LHApIk546LjIUkYDUlTUcVIJxIEBR4jbW90lfvtRyIk5eG9SiLiBmgQUp9ipLTUM/efLq6rToDUECOW3mTHD47iEUx6ZsWqWWPAeWIXpAIKNHrmj9PnOA5IqDBDUnZtK1JuioSimJGs7MSSRAiP0IB0NQ1RQKSbjj+QwSOt9KHPhX6hgmP170aKAimTwNOTeVQ56+Xif143Vv65m9IwihUJ8eSQHzOoOMzbgH0qCFYs0QRhQXVWiIdIIKx0Z1NXJknLuhd7toV50jqp2VbNvjut1C+LhkrgAByCKrDBGaiDW9AATYBBBl7AK3gzno1348P4nIwuGMXOHpiC8fUL7v6eAQ==</latexit><latexit sha1_base64="70hzrHFcQTwtVK8mbUjTOlVB1KY=">AAACE3icbVDLSsNAFJ34rPUVdeHCzWAR6qYkIuhGKIrosoJ9QBPLZDpph04yYWYixJDP8Avc6he4E7d+gB/gfzhps7CtBwYO59zLPXO8iFGpLOvbWFhcWl5ZLa2V1zc2t7bNnd2W5LHApIk546LjIUkYDUlTUcVIJxIEBR4jbW90lfvtRyIk5eG9SiLiBmgQUp9ipLTUM/efLq6rToDUECOW3mTHD47iEUx6ZsWqWWPAeWIXpAIKNHrmj9PnOA5IqDBDUnZtK1JuioSimJGs7MSSRAiP0IB0NQ1RQKSbjj+QwSOt9KHPhX6hgmP170aKAimTwNOTeVQ56+Xif143Vv65m9IwihUJ8eSQHzOoOMzbgH0qCFYs0QRhQXVWiIdIIKx0Z1NXJknLuhd7toV50jqp2VbNvjut1C+LhkrgAByCKrDBGaiDW9AATYBBBl7AK3gzno1348P4nIwuGMXOHpiC8fUL7v6eAQ==</latexit><latexit sha1_base64="70hzrHFcQTwtVK8mbUjTOlVB1KY=">AAACE3icbVDLSsNAFJ34rPUVdeHCzWAR6qYkIuhGKIrosoJ9QBPLZDpph04yYWYixJDP8Avc6he4E7d+gB/gfzhps7CtBwYO59zLPXO8iFGpLOvbWFhcWl5ZLa2V1zc2t7bNnd2W5LHApIk546LjIUkYDUlTUcVIJxIEBR4jbW90lfvtRyIk5eG9SiLiBmgQUp9ipLTUM/efLq6rToDUECOW3mTHD47iEUx6ZsWqWWPAeWIXpAIKNHrmj9PnOA5IqDBDUnZtK1JuioSimJGs7MSSRAiP0IB0NQ1RQKSbjj+QwSOt9KHPhX6hgmP170aKAimTwNOTeVQ56+Xif143Vv65m9IwihUJ8eSQHzOoOMzbgH0qCFYs0QRhQXVWiIdIIKx0Z1NXJknLuhd7toV50jqp2VbNvjut1C+LhkrgAByCKrDBGaiDW9AATYBBBl7AK3gzno1348P4nIwuGMXOHpiC8fUL7v6eAQ==</latexit><latexit sha1_base64="70hzrHFcQTwtVK8mbUjTOlVB1KY=">AAACE3icbVDLSsNAFJ34rPUVdeHCzWAR6qYkIuhGKIrosoJ9QBPLZDpph04yYWYixJDP8Avc6he4E7d+gB/gfzhps7CtBwYO59zLPXO8iFGpLOvbWFhcWl5ZLa2V1zc2t7bNnd2W5LHApIk546LjIUkYDUlTUcVIJxIEBR4jbW90lfvtRyIk5eG9SiLiBmgQUp9ipLTUM/efLq6rToDUECOW3mTHD47iEUx6ZsWqWWPAeWIXpAIKNHrmj9PnOA5IqDBDUnZtK1JuioSimJGs7MSSRAiP0IB0NQ1RQKSbjj+QwSOt9KHPhX6hgmP170aKAimTwNOTeVQ56+Xif143Vv65m9IwihUJ8eSQHzOoOMzbgH0qCFYs0QRhQXVWiIdIIKx0Z1NXJknLuhd7toV50jqp2VbNvjut1C+LhkrgAByCKrDBGaiDW9AATYBBBl7AK3gzno1348P4nIwuGMXOHpiC8fUL7v6eAQ==</latexit>

G
<latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit><latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit><latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit><latexit sha1_base64="YztUVWwh/c2GRZvK+E8yB0hubQk=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiC11WsA+YDiWTZtrQTDIkGaEMXfsFbvUL3Ilbv8MP8D/MtLOwrQcCh3Pu5Z6cMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOOb3O/80SVZlI8mklCgxgPBYsYwcZKfi/GZkQwz+6m/WrNrbszoFXiFaQGBZr96k9vIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jMKgMUSWWfMGim/t3IcKz1JA7tZB5RL3u5+J/npya6DjImktRQQeaHopQjI1H+fzRgihLDJ5ZgopjNisgIK0yMbWnhyjxpxfbiLbewStoXdc+tew+XtcZN0VAZTuAUzsGDK2jAPTShBQQkvMArvDnPzrvz4XzOR0tOsXMMC3C+fgEqcpll</latexit>

⌃(G)
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A relative sensing network

∥Σ(G)∥22 = 2|E|∥Σ∥22

Proposition
Let Σ(G) be a relative sensing network with n agents such that G is Kr+1-free.
Then the H2 performance of Σ(G) is at most n2 r−1

r ∥Σ∥22.



recall: k-decompositions

▶ k-cycle in G: a sequence of k distinct nodes
connected by edges.

▶ Two cycles are disjoint if they have no nodes in
common.

▶ k-decomposition in G: union of disjoint cycles
covering k nodes.
A k-decomposition is given by cycles S1, . . . , Sl if
the Si are disjoint and |S1|+ · · ·+ |Sl| = k.

▶ Hamiltonian cycle (resp. decomposition): n-cycle
(resp. decomposition).

1

2

3

4

5

6

1-cycle = (1)
2-cycle: (23)
3-cycle: (456)
3-decomp.: (1)(23) or
(456)
4-decomp.: (1)(456)
5-decomp.: (23)(456)



A necessary condition for stability

Theorem1

A digraph G is stable only if it contains a k-decomposition for each
k = 1, 2, . . . , n

1

2

3

5

4


∗ ∗ 0 0 ∗
0 0 ∗ 0 0
∗ 0 0 ∗ 0
0 0 0 0 ∗
∗ 0 0 ∗ 0



An extremal question
What is the maximum number of edges in a graph G on n nodes before a
k-decomposition appears?

1B. “Sparse Stable Systems”, Systems and Control Letters, 2013



Table of Contents

Extremal Graphs

Composite Networks



Compositional approaches: A general setup

▶ let P be a system theoretic property, G be a class of graphs, and consider
P(G)

▶ consider a subset of G and examine how P varies over this subset
▶ impose algebraic operations on G and examine how P behaves with respect

to this algebra
▶ make G a semi-lattice and examine how the ordering on G is reflected on P



Case in point: Composite networks

Controllability of the product networks?



Input and Output Set Product



Controllability Factorization - Product Control

Theorem 1: Product Controllability
The dynamics

ẋ(t) = −A(
∏
□

Gi)x(t) +B(
∏
×

Si)u(t)

y(t) = C(
∏
×

Ri)x(t)

where A(
∏
□
Gi) has simple eigenvalues is controllable/observable if and only if

ẋi(t) = −A(Gi)xi(t) +B(Si)ui(t)

yi(t) = C(Ri)xi(t)

is controllable/observable for all i.



Network Learning
▶ Sensing accuracy/ confidence is coupled to an edge state, i.e.,

wij(x) = g(∥xi − xj∥)
▶ Online performance with respect to edge state control

edge states: xi(t);
coordinated state yi(t)

ẏi(t) =
∑

j∈N(i)

wij(x)(yj(t)− yi(t))

ẋi(t) = f(xi)
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Questions: time-scale analysis, learning, gradient flow on space of graphs



Conclusions
Graph Theory

▶ Algebraic graph theory
▶ Geometric graph theory
▶ Extremal graph theory
▶ Probabilistic graph theory
▶ Topological graph theory

Systems Theory
▶ Stability
▶ Performance
▶ Input-Output Properties
▶ Control Synthesis
▶ Control Architectures

Thank you!
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